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Introduction
Risk management in pension plans, as in other financial institutions, requires a careful assessment of tail risk. Tail risk is the occurrence of extreme losses with a higher probability than may be normally expected. In the 2008 financial crisis, a large number of pension funds around the world reported severe difficulties with falling asset values and increasing liabilities.
1 Large losses occurred, and higher contributions were then required from pension plan sponsors. Regulators and legislators worldwide responded by easing the funding requirements on sponsors. The purpose of this paper is to investigate the presence of tail risk in corporate pension plans resulting from pension funding practice and the application of funding rules.
We consider 'defined benefit' pension funds. In 2011, such funds had assets totaling $6.6 trillion in the U.S. and $14.8 trillion globally.
2 In this paper, we set up a stylized model to investigate the mechanism by which extreme losses might arise. Our starting point is that pension liabilities are not completely marketable and therefore not fully hedgeable. Losses arise from imperfect, albeit optimal, hedging. However, pension funding rules and practice seek to smooth these cash flows intertemporally and counter-cyclically. This delays the emergence of possible funding problems, which may then accumulate with adverse dynamic effects.
We show in our stylized model that pension losses follow a nonlinear dynamic process, which we analyze using Markov chain theory and the theory of bilinear stochastic processes. The resulting pension dynamics resembles that of a modified GARCH process. We therefore posit that the pension 
Pension funding
The second key development for corporate pension plans in the U.S. has been in the area of pension funding. Pension funding contributions differ from pension accounting expense, in general. Schwartz (2010, 2012) and Shivdasani and Stefanescu (2010) for details.
Research in the area of pension funding hinges around the interdependence between sponsors' financial policy and the investment and funding policies of their pension plans. Rauh (2006) finds a significant negative association between a firm's mandatory pension contributions and its capital investment. Required contributions to underfunded pension plans appear to force companies to divert cash away from investment. Pension funding rules and practice are therefore critical to the investors in the firm. Indeed, Franzoni (2009) demonstrates that increased mandatory pension contributions are followed by depressed stock returns. Campbell, Dhaliwal and Schwartz (2012) find that financially constrained firms facing an increase in mandatory contributions also face an increase in cost of capital. In an event study surrounding the date of the introduction of PPA 2006, when minimum funding rules were tightened, Campbell, Dhaliwal and Schwartz (2010) Accordingly, Campbell, Dhaliwal and Schwartz (2010) examine the data to see whether the equity valuation of corporate sponsors with higher marginal tax rates responds to the adoption of the new legislation. Their study reveals a positive effect on the stock returns of such firms. Funding rules matter to investors not just because of mandatory contributions but also because of their effect on discretionary contributions. Shivdasani and Stefanescu (2010) establish that the existence of a pension fund affects the capital structure of firms and their total amount of financial leverage, particularly because discretionary pension contributions are a source of tax savings. On the other hand, Petersen (1994) considers operating leverage, but also concludes that greater flexibility in pension contributions enables a firm to lower its operating leverage, which may add value in the presence of market imperfections.
Financial crisis and counter-cyclical measures
The third key event which has had an impact on pension funds has been the financial crisis The OECD has since promulgated counter-cyclical measures and issued guidelines for OECD member countries which state that "Funding rules should aim to be counter-cyclical, providing incentives for the build-up of reserves against market downturns" (OECD 2007). Yermo and Severinson (2010) are particularly critical of funding rules which compel sponsors to ramp up contributions at a time when they may be cash-constrained. Such funding rules have systemic pro-cyclical effects in that they require numerous pension funds to sell assets at the same time to limit deficits, thereby exacerbating market falls. Yermo and Severinson (2010) also contend that poorly designed funding rules can have second-order macroeconomic effects in that large numbers of firms may curtail business investment to fund pension deficits, as documented by Rauh (2006) , which slows down economic recovery and worsens business conditions for firms.
Counter-cyclical measures are also a key part of the Solvency II regime (EIOPA 2012) for insurance regulation in the European Union (E.U.). Proposals to apply this regime to pension funds are under consideration. Solvency II comprises explicit counter-cyclical measures. For example, a counter-cyclical or liquidity risk premium is used with the effect that capital requirements are temporarily reduced in times of financial crisis. An 'equity dampener' adjustment weakens the stress test on the equity portion of a portfolio when large market falls occur. Large market falls are defined relative to an averaged value of equity prices.
To some extent, counter-cyclicality is built into pension funding. For example, the U.S. Pension
Protection Act 2006 permits both asset values and liability discount rates (based on the corporate bond yield curve or at least three different maturity segments) to be averaged over up to 24 months (OECD 2007) . Likewise, Japanese pension liabilities are also discounted using an average of 10-year bond yields over the previous 5 years, while suitable swap rates are used in the Netherlands with smoothing permitted for contribution calculation (Yermo and Severinson 2010) . In other countries, counter-cyclical funding may be made explicit through a separate contingency reserve. For example, Norwegian tax authorities allow payments into a "premium fund", over and above the payment of regular premiums, and Swiss pension funds are allowed "asset fluctuation reserves" and "employer contribution reserves" with typical amortization periods of 5-7 years (OECD 2007) . Indeed, virtually all major economies afford a recovery or amortization period of between 3 to 7 years to their pension funds to make up funding deficiencies, these periods having been extended temporarily in the aftermath of the 2008 financial crisis. This is analyzed by Broeders and Chen (2010) who model pension fund insolvency using Parisian options and use stochastic simulations to investigate the optimal recovery period which regulators should allow in order to maximize employees' utility. They suggest recovery periods of between 1 and 5 years depending on pension plan features and other assumptions. 
Other related literature
We briefly mention three other strands of research which are tangential to ours. First, in the subsequent analysis, we exploit some novel results from the econometrics literature on a variant of the GARCH model called LARCH (Linear-ARCH). This model is extensively studied by Giraitis et al. (2000 Giraitis et al. ( , 2004 with further advances by Kristensen (2009) which link LARCH to stochastic bilinear processes (Pham 1993) .
Second, pension insurance is an important aspect of pension funding but is not directly analyzed here. In the U.S., firms with a defined benefit pension plan pay a premium to the Pension Benefit Guarantee Corporation (PBGC) which then takes over pension promises (subject to a cap) if a plan sponsor becomes bankrupt. There is a flat premium per participant plus an additional premium dependent on the unfunded pension liability, but the premium is not risk-based. This creates a put option for plan sponsors which encourages a more aggressive pension fund investment policy. See, for example, Rauh (2009 ), Love, Smith and Wilcox (2011 ) and McGill et al (2004 for further details.
Third, the issue of optimal pension funding and investment is not addressed in this paper. The literature on this subject (see e.g. Berkelaar and Kouwenberg 2003; Rudolf and Ziemba 2004; Owadally and Haberman 2004a; Josa-Fombellida and Rincón-Zapatero 2006) employs broad utility and objective functions on measures of fund levels and contributions, and does not focus on tail risk. This indicates that optimal funding solutions may need to be re-assessed in the light of our findings. Blake (2006b, p. 83-91) summarizes the issues affecting pension investment policy, including tax and pension insurance effects.
Pension Fund Model

Pension liabilities
A corporate pension fund consists of the assets held against the pension liabilities of a firm. First, we describe the pension liabilities. We assume a simple pension plan where all members enter at age E and leave the plan at retirement age R (where E, R ∈ N and R > E), whereupon they receive a retirement benefit which consists of a life annuity. (For example, E = 27 and R = 67.) No other benefit is payable.
We also assume that there is no demographic or longevity risk and that survival proceeds exactly according to a life table {ℓ x }, where ℓ x is the number of individuals alive at age x ∈ {E, E + 1, . . . }.
The survival probability from age x to age y is therefore ℓ y /ℓ x (Dickson et al. 2009, p. 42) . The age profile of the pension plan population is stable.
A suitable spot rate curve, which may be used to discount and value pension liabilities, is assumed to exist.
3 Denote the (τ − t)-year continuously compounded spot rate at time t as s(t, τ ). That is, s(t, τ ) is the yield-to-maturity at time t of a zero-coupon bond maturing at time τ . The present value at time t of a deferred life annuity paying $1 yearly in advance from retirement age R till death for
An annuity is purchased at retirement at which point an individual leaves the plan. The actual pension or annuity income received every year in retirement is usually a function of the number of years of service and the projected pensionable salary of the individual. The pensionable salary could be the final salary of the individual or his career-average salary. See for example Sundaresan and Zapatero (1997), McGill et al (2004, p. 235) , Blake (2006b, p. 194) , and Dickson et al. (2009, p. 306-312) for more details.
We assume that salary proceeds according to a deterministic age-based scale (Dickson et al. 2009, p. 292) . Since the age profile of the plan membership is stable, payroll is constant. The pension benefit accrues to a plan member as he works and contributions are made to the plan. We may therefore define a benefit accrual function m x where m x is the benefit that has accrued to an individual aged x 3 This is typically based on the yields on high-quality corporate bonds to reflect the credit risk present in pension benefits. Practical examples of such yield curves, updated monthly, are supplied by Citigroup (2010) and Mercer (2012) . The U.S. Treasury Department also implements a high-quality corporate bond yield curve for use with the pension funding rules in the U.S. Pension Protection Act 2006 (Girola 2011) .
(where E ≤ x ≤ R). From retirement age R until death, an individual receives a pension or annuity income of m R every year. We assume that, at entry into the plan at age E, an employee is not immediately endowed with benefit rights, so that m E = 0. The accrued liability for an individual aged x (where x ≤ R) at time t may therefore be valued as m x α(t, x).
While individuals are working and are members of the plan, their employer contributes to the pension fund, which accumulates and then pays out for the annuity when they retire. How much to contribute during the working lifetime is the subject of various actuarial cost methods. These provide a systematic way of accumulating funds to provide retirement benefits. Associated with these methods are different measures of the pension liability. A straightforward discussion of these measures is given by Novy-Marx and Rauh (2011) with more details given by McGill et al (2004, p. 617).
We assume that the pension liability is measured using the Projected Benefit Obligation (PBO).
Under the PBO, m x is a function of the projected salary at retirement of an individual aged x.
For accounting purposes in the U.S., pension liability is reported using the PBO under FAS 158.
For funding purposes, the U.S. Pension Protection Act 2006 requires underfunding to be measured using a metric for which the PBO is a very close proxy (Shivdasani and Stefanescu 2010; Campbell, Dhaliwal and Schwartz 2010) .
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The pension liability is denoted by Y t . When measured as the PBO, it is the sum of accrued liabilities for every individual in the plan. There are ℓ x members aged x (where E ≤ x ≤ R), so
To simplify the liability dynamics, we shall assume that the spot rate curve {s(t, τ ), τ = 1, 2, . . . } is subject to small, parallel shifts only. Associated with the spot rate curve at time t is a single, 4 The PBO is also the preferred measure of pension liability under several international accounting standards. An alternative measure of pension liability is the Accumulated Benefit Obligation (ABO) which is defined in FAS 87.
It is also used by pension funding regulators in various countries because it is a termination measure, as compared with the PBO which is a broader, going-concern measure (Broeders and Chen 2010) . Our subsequent analysis holds for the ABO rather than the PBO, as long as mx is re-defined as a function of the current salary of an individual, rather than his projected salary at retirement.
term-independent discount rate δ t at which we can discount the liability cash flows to obtain Y t as in equation (2). We may regard δ t as the yield-to-maturity or internal rate of return, at time t, on a notional dedicated bond portfolio whose cash flows match the pension liability cash flows as closely as possible.
We assume that the spot rate curve is subject to stochastic shocks such that it mean-reverts to a long-run curve { s(τ ), τ = 1, 2, . . . }, corresponding to which we have a single, term-independent discount rate δ. We may therefore view δ as approximately equal to the average yield-to-maturity on the aforementioned notional bond portfolio. Further, define Y to be the liability calculated using 
Normal pension cash flows
Actual pension fund cash flows may differ from reported cash flows, in general. In particular, contributions may be different from pension accounting expense. We separate the pension cash flows into a normal cash flow, denoted by Z t , and a supplementary cash flow. The latter is required to make up shortfalls in the fund or to reduce contributions in the event of surpluses, and is defined later in section 3.4. The normal cash flow Z t is further decomposed into three cash flows. The first is the benefit paid out from the pension fund at time t. This is Z
(1) t = m R ℓ R α(t, R), since there are ℓ R individuals at retirement age R.
The second cash flow is the required contribution under the actuarial cost method to be paid at time t. For a plan member aged x (where E ≤ x < R), this is equal to the present value of the benefit that the member will accrue during the following year, that is (m x+1 − m x )α(t, x). The total required contribution paid into the fund at time t is obtained by summing over all workers, noting again that there are ℓ x workers aged x.
is equivalent to the service cost in the calculation of pension expense in FAS 158 and its predecessor FAS 87.
The final component of normal cash flow Z t is an additional interest charge on the liability, given
The term δ t Y t corresponds to the interest cost in FAS 158 pension expense (and FAS 87) , and is a finance charge on the liability (Blake 2006a, p. 62 ). This term is discounted here because of the modeling assumption that cash flows occur at the start of the year. The term δY t is analogous to the expected return on plan assets in FAS 158 (and FAS 87) . This is a negative item in that a positive expected return reduces pension cost (Grant et al. 2007; McGill et al 2004, p. 729 ).
We consider an economic valuation of liabilities, without the FAS 158 objective of pension expense smoothing, and plan assets are assumed to closely hedge liabilities (see Assumption 2 below), so no long-term expected rate of return assumption is required here.
The normal cash outgo from the fund at time t is therefore Z t = Z
(1)
t . Further cash flows may be required to pay off prior-service cost representing benefit enhancements attributable to plan members' past service or benefit rights obtained at the inception of the plan (Grant et al. 2007; McGill et al 2004, pp. 729-731) . However, these are one-off, amortized payments and are ignored here.
We show in Appendix A that the normal cash outgo is approximately a constant percentage of the liability.
Equation (5) holds approximately because of the simplified liability dynamics of Assumption 1 enabling us to ignore, to first order, the convexity of the liability cash flow stream. Additionally, equa-tion (5) follows from the earlier assumption of a stable age profile. The benefit payout and liability vary stochastically only with interest rates. In practice, they will also depend on other stochastic variables such as inflation, mortality, employee turnover etc. (5), we may re-write the liability dynamics in equation (3) as
In the above, r
) and may be described as the 'liability return', this term being borrowed from the one-period models of Leibowitz and Henrikssan (1988) and Sharpe and Tint (1990) , and their multi-period extension by Rudolf and Ziemba (2004) .
Pension fund assets
We now turn to the pension fund assets. In the light of equation (5), it is natural to express the assets as a proportion of liabilities. The funding status (difference between liabilities and assets, scaled by liabilities) or funded ratio (ratio of plan assets to liabilities) are key quantities and are arguably more important than the PBO or fair value of plan assets by themselves: see for example Rauh (2009 ), Franzoni (2009 and Rudolf and Ziemba (2004) .
We denote by F t the market value of pension fund assets at time t as a percentage of liability Y t .
It is also convenient to define F t = 1 − F t as the unfunded liability at time t as a percentage of Y t .
The unfunded liability represents the deficit in the fund. We also define C t to be a supplementary contribution, again as a percentage of liability Y t , paid into the fund. The cash flow C t is additional to the normal cash flow and is paid to reduce any deficit. In the case of a surplus, C t may be negative so that the overall contribution is reduced.
The budget constraint on the pension fund is
in dollar terms, where r A t is the stochastic return on pension fund assets in time interval (t − 1, t).
With the help of equations (5) and (6) we may rewrite the budget constraint as
Since r A t is the asset return and r L t is the liability return, the term r A t − r L t may be described as a continuously compounded 'surplus return' (Leibowitz and Henrikssan 1988; Rudolf and Ziemba 2004) . This brings us to a discussion of the relationship between the pension fund assets and pension liabilities.
In general, a perfect hedge for pension liabilities cannot be synthetized because these liability cash flows are not marketable. Some pension fund risk is therefore unhedgeable, at least partially.
For example, credit risk, related to insolvency of the firm sponsoring the pension fund, may be hedged through credit default swaps, but these may be unavailable in the required volume or may be substituted for credit spread risk (Blake 2006b, pp. 269-271) . The pension fund may also be restricted by regulation from taking excessive long, short or complex derivative positions in the securities issued by the firm to avoid agency conflicts and to encourage diversification. The very long duration of pension liabilities and scarcity of long-duration securities create duration mismatch; pension liabilities cannot be perfectly immunized despite the use of derivatives overlays (Adams and
Smith 2009).
Background unhedgeable risks may also be present, chief among which is wage inflation risk (Berkelaar and Kouwenberg 2003; Blake 2006b, p. 268) . Because retirees want to maintain their living standard in retirement, pensions are a function of salary before retirement. The market in inflation-indexed securities and inflation swaps may not be deep enough for all pension funds to hedge inflation risk, and basis risk will remain as local wages deviate from consumer prices. A more subtle background risk, which is difficult to hedge, is covenant risk. This pertains to the strength of the sponsor's commitment to the plan and the risk that the sponsor decides to terminate the plan or freeze new accrual. Returning to the surplus return r A t − r L t , we assume that a perfect hedge is not possible, because of market incompleteness as discussed above. The pension fund manager pursues an imperfect but optimal hedge instead, which entails a noisy replication or hedging error.
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Assumption 2 The stochastic surplus return r
Z} is a sequence of independent and identically distributed (i.i.d.) random variables.
Note that we make no assumption about specific probability distributions in Assumption 2.
Supplementary pension cash flows
We discussed the normal pension fund cash flow (denoted by Z t ) in section 3.2. The total cash flow from the plan sponsor to the pension fund may differ from Z t and we refer to this variation as a sup- We propose to model the supplementary cash flow C t in a generic way as follows. First, we define the pension fund loss as the unexpected change in pension fund assets relative to pension liabilities.
where F t is information available at time t. (A gain is merely a negative loss.)
6 In theory, this may be achieved using a quadratic (variance-minimizing) hedge or an entropy-minimizing hedge (Duffie and Richardson 1991; Rouge and El Karaoui 2000) . In practice, this is consistent with asset-liability management strategies, including Liability-Driven Investment (LDI) (Blake 2006b, p. 260-274) . These are growing in popularity with pension plans worldwide, specially in the UK and in the Netherlands (OECD 2007, p. 61) . Love, Smith and Wilcox (2011) discuss the asset-liability mismatch prevailing in most U.S. corporate pension plans but report that 51% of them were instigating LDI programs in 2009.
Assumption 3
The supplementary cash flow C t that is paid by the plan sponsor into the pension fund at time t is given by
In the above,
where p ∈ N.
The motivation behind Assumption 3 is that supplementary cash flows tend to be retrospective in nature. In equation (9), C t depends on present and past losses contained in the loss vector L t .
For example, mandatory contributions are a function of the unfunded liability in the pension plan, and therefore on the history of losses. The choice of funding parameter vector π in equation (9) is flexible enough to capture the complex intertwining of funding and fiscal rules, and firms' incentives to contribute to their pension funds. Thus, an economic downturn may lead to pension losses in years which coincide with sponsor distress, leading to a reduced funding contribution (within minimum funding rules). In subsequent years, however, plan sponsors may increase contributions for tax or operational reasons when their balance sheets recover. See the discussion in section 2.2, and particularly Rauh (2006) , Shivdasani and Stefanescu (2010) and Petersen (1994) . 
where
The proof of Proposition 1 is given in Appendix B. Proposition 1 exhibits the dynamics of pension losses {L t } as a function of the sequence of asset-liability hedging or mismatch errors {ε t }. If pension liabilities were liable to perfect hedging, then ε t = 0 ∀t and no pension loss would occur.
Bilinear Processes and ARCH Models
Stochastic properties
In order to make further progress with our analysis of the pension fund, we need to consider the probabilistic properties of {L t } in equation (10). In this section, we find the conditions under which {L t , F t , C t } is ergodic, strictly stationary, weakly stationary and has finite moments.
It is helpful to rewrite the stochastic process {L t , t ∈ Z} in equation (10) as follows:
We assume throughout that the initial conditions on equation (10), or equation set (11), consist of known finite values L l , . . . , L l−p+1 for some time l < 0 in the distant past.
Weak stationarity and first two moments
Some elementary results about {L t } may be obtained in a straightforward way and we collect them in the following proposition. Under Assumption 2, {ε t , t ∈ Z} is a sequence of i.i.d. random variables with Eε t = 0. Note that, by construction in equation (10) and under Assumption 2, ε t is independent of L τ , τ < t.
Proposition 2
(ii) Assume that Eε 2 t = σ 2 < ∞. If and only if σ 2 β ′ β < 1, then {L t } is weakly stationary and
The proof of Proposition 2 is straightforward and is relegated to Appendix C. The asset-liability hedge works 'on average', since the hedging error satisfies Eε t = E exp(r shows that the filter π (or equivalently β) in the funding contribution calculation under Assumption 3 must be carefully chosen to satisfy σ 2 β ′ β < 1 if one wishes to avoid a pension loss with an infinite variance. The poorer the hedge is, the more stringent this condition becomes. In other words, if the hedging or replication error volatility σ is larger, the choice of funding parameter π (or equivalently β) is more restricted.
State-space representation
The loss process {L t } in equation (10) can be written in state-space form as follows.
In the state equation (13a), the coefficient matrix A t is a p × p companion matrix which, in block form, is given by
where ξ = (β 1 , . . . , β p−1 ), I p−1 is the (p − 1) × (p − 1) identity matrix, and 0 p−1 is a (p − 1) × 1 column vector of zeros. B t is a p × 1 row vector,
The observation equation (13b) is trivial, with C t = (1, 0, . . . , 0) and D t = 0 (a scalar). Note that {A t } and {B t } are sequences of i.i.d. matrices and vectors respectively.
Equation (13a) is in the form of a first-order vector stochastic difference equation. Assuming the initial conditions stated for equation (11), L l → 0 p as l → −∞, and equation (13a) is solved by
A theorem from Bougerol and Picard (1992a) states the conditions for strict stationarity of generalized autoregressive processes, such as {L t } in equation (16), in terms of the top Lyapunov exponent,
Theorem 1 (Bougerol and Picard 1992a) Suppose that {L t } is irreducible and that E log + A t < ∞ and E log + B t < ∞. Then {L t } is strictly stationary if and only if γ < 0.
The notation log + (x) = max(0, log x) is used in the above. The requirement that γ < 0 in Theorem 1 is analogous to the requirement that the discount factor be less than one for the present value of a non-random perpetuity to be finite.
Bilinear processes
In order to apply Theorem 1, we must elucidate whether the pension fund losses, expressed as {L t }, form an irreducible Markov chain. A bilinear representation is helpful in this regard, and also gives us access to conditions for the existence of moments.
Definition 1 (Bilinear process) (Pham 1993 ) The process {x t , t ∈ Z} is a bilinear process if it satisfies
where a j , c j , b jk ∈ R, ǫ t ∼ i.i.d. and Eǫ t = 0.
The descriptor 'bilinear' refers to the fact that equation (18) is linear in {x t } and, separately, linear in {ǫ t }, but not linear in both because of the product term x t−j ǫ t−k . Pham (1985 Pham ( , 1986 Pham ( , 1993 shows that a specific class of bilinear process, for which b jk = 0 for j < k, can be written in state-space form with the coefficient matrices of the state equation being polynomials in the noise ǫ t , these polynomials being of order 2 at most. Denote the coefficient matrices in the relevant state equation by A t and B t , where A t is the leading coefficient. The following theorem gives a simple condition for strict stationarity with finite second moments.
Theorem 2 (Pham 1985) Suppose that Eǫ 4 t < ∞. The bilinear process {x t } in equation (18), with b jk = 0 for j < k, is strictly stationary with finite second moments if and only if the matrix equation
admits a positive solution in Q.
Pham (1986, 1993 ) also establishes a sufficient condition for the existence of even moments in the bilinear process {x t }, in terms of the spectral radius (denoted by ρ) of the expectation of the Kronecker product of the leading coefficient matrix with itself n times (denoted by ⊗n in superscript).
Theorem 3 (Pham 1986 (Pham , 1993 ) If Eǫ Returning to Theorem 1, we must address the issue of irreducibility before being able to apply Theorem 1. Kristensen (2009, Theorem 5) considers this issue for a somewhat different class of bilinear processes to which he refers as Class 2:
An irreducible Markov chain is never reduced, in terms of its transitions, to a strict subset of its state space: it can 'travel' to any point of its state space given enough time. If the Markov chain is viewed as a deterministic system with its noise process being a sequence of decision variables, then it should be possible to control this system and guide it to any point of its state space. Kristensen 
formed from the coefficients in equation (20). The noise process, viewed as a control variable, must also be unconstrained and Kristensen (2009) shows that it must be absolutely continuous.
Theorem 4 
Stochastic properties of the pension fund
We state the conditions for strict stationarity, ergodicity and the existence of even moments of the pension fund process {L t , F t , C t } in the following proposition, which we prove by reference to the theorems cited above. We also derive the first two moments explicitly.
Proposition 3 (i) Suppose that ε t has an absolutely continuous component in a neighborhood of zero. A necessary and sufficient condition for {L t } in equation (10) to be strictly stationary and ergodic is that γ < 0, where γ is defined in equation (17) with A t defined in equation (14).
(ii) Assume that Eε 2 t = σ 2 < ∞. Then σ 2 β ′ β < 1 is a necessary and sufficient condition for {L t } to be strictly stationary with finite second moments.
(iv) Stationary first and second moments (provided they exist) are as follows:
(a) EL t = EF t = EC t = 0 and EF t = 1.
The proof of Proposition 3 is given in Appendix D. Propositions 2 and 3 supply a complete description of the conditions required on the asset-liability hedging errors {ε t } and on the funding parameter vector π (or equivalently β and λ) to achieve stationarity and finite moments in the pension fund process.
ARCH-type models and tail risk
In this section, we draw an analogy between the pension loss process {L t } in equation (10) and ARCH-type models. This tells us about the behavior of the tail of the distribution of the pension loss.
Heavy tails signify that extreme unfavorable losses occur more frequently than expected compared to the normal distribution, and suggest that there is significant tail risk in the pension fund.
Definition 2 (GARCH) (Bollerslev 1986 ) The GARCH(q 2 , q 1 ) process {z t , t ∈ Z} satisfies
where a 0 ∈ R ++ , c j , d k ∈ R + , and ǫ t is as in Definition 1.
The link between GARCH models and vector stochastic difference equations and Markov chain theory is well-known. It is exploited by Bougerol and Picard (1992b) and, latterly, by Kristensen (2009) to derive conditions for strict stationarity and ergodicity of GARCH processes. The link between GARCH and bilinear processes is less well-known but is noted by Tong (1990, pp. 116, 136) .
Rewriting equation (22) as
and comparing the above to equation (18) or (20) makes the point that the GARCH squared-volatility σ Indeed, both GARCH and bilinear models were developed with the aim of capturing non-constant volatility. Simulated data from both GARCH and bilinear models show that: (i) sample paths make large excursions from the mean, (ii) their distributions exhibit leptokurtosis, and (iii) QQ-plots indicate heavy-tailedness. See Fan and Yao (2003, pp. 153, 183) for example. This suggests that the pension loss process {L t } of equation (10) may also exhibit heavy tails.
A recent variant of the GARCH process is the LARCH (Linear-ARCH) which is extensively studied by Giraitis et al. (2000 Giraitis et al. ( , 2004 .
Definition 3 (LARCH) (Giraitis et al. 2000)
The process {w t , t ∈ Z} is a LARCH process if it satisfies
where a 0 , c j ∈ R with a 0 = 0, and ǫ t is as in Definition 1.
In the LARCH process in equation (24), volatility is a linear combination of past values of the process. Contrast this with the standard GARCH process in equation (22), where squared volatility is a linear combination of past squared values of the process.
The LARCH process describes two stylized facts of asset return data that are not adequately reflected by the standard GARCH model (Fan and Yao 2003, p. 170 ): (i) long memory or long-range dependence, and (ii) the leverage effect. The former describes the empirical observation of profound autocorrelation in absolute and squared returns, along with very slow decay as lag increases, slower than the exponential decay implied by GARCH. The latter describes the higher increase in volatility that is experienced after a fall in the market, as compared with volatility increases after a rise in market values, and as contrasted with the symmetric behavior of volatility in GARCH. Now, {L t } in equation (11) and the LARCH process {w t } in equation (24) differ only in the finiteness of the series. Proposition 3 appears to suggest that the conditions on parameters of the loss process become progressively more stringent as one transits from requiring strict stationarity, to weak stationarity, to the existence of moments of increasing order, until one reaches a sufficiently high-order moment that is infinite. Giraitis et al. (2000 Giraitis et al. ( , 2004 employ a Volterra series expansion of the LARCH 'volatility' term σ t in equation (24), and they use the combinatorial formalism of diagrams to find various moments of w t and σ t . They also find that the existence of higher-order moments requires progressively greater restriction on the LARCH parameters. Now, a well-known moment inequality in probability theory suggests that infinite higher-order moments should lead to a heavy-tailed probability distribution. At a fundamental level, heavy tails can be explained by an application of renewal theory to stochastic difference equations, resulting in products of random matrices, as shown in section 4.3 (Kesten 1973) . This is suggestive, therefore, of possible significant tail risk in the pension fund. If large losses occur with a higher probability than anticipated, then larger contributions will be required from plan sponsors. As argued by Franzoni and Marín (2006) , this may be underestimated by investors who therefore overprice firms with significantly underfunded pension plans.
Stochastic Simulations
In this section, we use stochastic simulations of the model in section 3 to complement the analysis of section 4 and investigate tail risk in the pension fund.
Tail risk We investigate the distribution of both the unfunded liability F t and the cash flow or supplementary contribution C t . In the case of F t , we are considering the risk that the pension fund does not accumulate enough assets. Leibowitz and Henrikssan (1988) and Sharpe and Tint (1990) refer to this as surplus risk. In the case of C t , we are considering the risk that capital must be unexpectedly diverted to the pension fund to make up for large losses or deficits. This can potentially result in bankruptcy of the corporate plan sponsor (credit risk) or closure of the plan (covenant risk).
We are interested in the extremes of both F t and C t , and therefore in tail risk. Initialization and normalization There is no evidence in the OECD data (Tapia 2008 ) that the surveyed pension funds are managed solely with a view to hedging liabilities, but we assume that this is the case, again consistent with Assumption 2. More precisely, we assume that pension assets hedge inflation in pension liabilities. Hence, we set δ = 6.83% and ε t ∼ i.i.d. lognormal with a zero mean and a standard deviation of 9.6%. 7 The pension liability Y is normalized at 100% and an initial normal contribution of 4.2% is calculated.
Simulation inputs
Averaging and amortization To operationalize the counter-cyclical and smoothing behavior of pension funds, we simulate the U.S. practice of averaging asset values and amortizing resultant losses.
The averaging period is denoted by n and the amortization period by m, so that the order p of the loss process {L t } in equation (10) is p = m + n − 1. Details are provided in Appendix E.
Simulation outputs The loss L t and unfunded liability F t are expressed as a percentage of the liability, whereas the supplementary contribution C t is expressed as a percentage of the normal contribution. Simulations are performed for different smoothing levels, that is, for different combinations of amortization period m and averaging period n.
Computation To capture the tail of the distributions, we carry out 100,000 simulations, with checks for convergence using 50,000 and 200,000 simulations. We use a fixed seed to generate reproducible pseudo-random numbers and minimize sampling error when comparing results. To investigate strict stationarity, we estimate the top Lyapunov exponent, as defined in equation (17) For weak stationarity, we use the condition in part (ii) of Proposition 2 directly, so no simulation is required. To investigate the existence of moments, we could use the condition in part (iii) of Proposition 3 but this is a sufficient condition and could be unnecessarily restrictive, so we use stochastic simulation instead to test whether moments are finite.
Stationarity and existence of moments Our results are presented in Figure 1 , which shows regions of stationarity or existence of moments, that is, the maximum values of n for different values of m for which stationarity or existence of moments holds. 8 As expected from the discussion in section 4.6, more stringent conditions, in the form of shorter averaging and amortization periods, apply as moments of a higher order are required to exist. This is indicative of a heavy-tailed distribution.
8 Equivalently, the frontiers in Figure 1 give the maximum m for various n. Note that m, n ∈ N, so a polynomial curve is fitted to non-integer values for readability. Similar depictions appear elsewhere: see Bollerslev (1986, Fig. 1) in the econometrics literature on GARCH models, and Tong (1990, Fig. 4.10, p. 171) in the non-linear time series literature on bilinear processes.
Probability plots Non-parametric estimates of the probability density functions (pdf) and the decu- Heavy-tailedness A measure of heavy-tailedness is the tail index introduced by Kesten (1973) . This captures the fact that heavy-tailed distributions have tails that are Pareto-like and that decay like a power law. The tail index κ is an estimate of the rate of tail decay in the probability distribution of a random variable X (Fan and Yao 2003, p. 156) :
where C is some constant and ∼ means that the ratio of the l.h.s. and r.h.s. of equation (26) Third and fourth moments We observe from Tables 1-3 that the loss, unfunded liability and supplementary contribution are all positively skewed and leptokurtic, with both skewness and kurtosis increasing as smoothing increases (i.e. as either m or n increases). It is noteworthy that the pdf curves of the loss in Figure 2 cross twice on either side of the mean, but this happens only once for the pdf curves of the unfunded liability in Figure 3 .
Risk measures
We investigate three risk measures: (i) The standard deviation is a classical measure of risk for symmetrically distributed random variables, and is used in Markowitz mean-variance portfolio theory, for example. (ii) The 95th percentile is commonly used, usually appearing in the form of the Value-at-Risk. (iii) We also consider the tail conditional expectation (TCE) at 95%. For Tables 1 and 2 , the loss and unfunded liability exhibit monotonically increasing standard deviations, 95th percentiles and tail conditional expectations as either m or n increases. The risk of underfunding therefore increases as smoothing increases. This is reasonable because more smoothing means that losses are paid off more slowly, so that losses tend to accumulate, leading to more volatile pension fund deficits. 1. Low smoothing levels. Risk in C t appears to have a minimum wrt. m and n, at least for low values of m and n. In Table 3 , the standard deviation and the 95th percentile decrease and then increase as n increases when m = 1, 5 (and also as m increases when n = 1, 5). The behavior of the tail conditional expectation is somewhat more ambiguous but also appears to have a minimum. This feature of a minimum in contribution risk is also reproduced in Table 4 when m = n and m increases.
Risk of underfunding (F t ) In
2. High smoothing levels. For larger values of n (resp. m), risk in C t behaves as in L t and F t in that it increases monotonically as m (resp. n) increases. We show only the case for n = 20 in Table 5 for brevity. The above observations about contribution risk are consistent with the results of Haberman (1999, 2004a) in the context of optimal pension funding. These authors use a simple pension fund model and look only at standard deviation rather than tail risk. Their explanation, in terms of a controlled process, is nevertheless applicable here. Smoothing, at low levels, means that the recognition of random losses is deferred so that contributions are dampened. But too much smoothing leads to feedback with long delays: losses are paid off too slowly and they accumulate leading to volatile deficits, and ultimately larger and more volatile contributions are required to the funding and accounting rules, which permit cash flows and costs to be spread over time. In this paper, we sought to establish whether the smoothing mechanisms entrenched in pension funding rules and practice could be related to large pension losses and deficits.
We reviewed the evidence in the accounting literature that spreading cash flows over time hinders investors' efficient valuation of firms. There is also significant evidence in the corporate finance literature that increases in mandatory pension contributions negatively impact firms' capital investment and are accompanied by depressed stock returns subsequently. Pension funding rules and practice also influence the value of firms because of the tax savings and operational leverage that flexibility in discretionary pension contributions affords, after allowing for market imperfections. The mechanism underlying funding for pension plans is therefore important to investors and management, as well as to the employee membership of these plans.
The evidence, from the U.S. and worldwide, that funding rules are implemented in a countercyclical fashion was also reviewed. This was particularly visible in the aftermath of the financial crisis in 2008. Proposed funding rules in the European Union are explicit in allowing for countercyclical measures. These are also implicit-through averaging in liability discount rates, asset values and choice of valuation parameters-in funding practices utilized in the U.S. and elsewhere. These methods are intended to limit the volatility of cash flows required from plan sponsors.
We built a stylized model, with the starting premise that pension liabilities are optimally but imperfectly hedged by assets held in the pension fund, and showed that pension losses follow a stochastic bilinear process. We were able to leverage results from time series analysis and Markov chain theory to derive a complete description of the stochastic dynamics of the pension fund. The range of permissible funding parameters appears to become more restricted if one demands a certain level of stability (more precisely, stochastic stationarity in the strict and weak senses) in the pension fund. The higher-order moments of the pension loss may be infinite. Closer inspection revealed that the loss process follows an ARCH-type model.
We postulated therefore that the loss process would exhibit bursts of volatility and that its distribution would be leptokurtic. Stochastic simulations were carried out using data on U.S. defined benefit pension funds and implementing the U.S. practice of asset value averaging and gain/loss amortization. They revealed that the distributions of the loss, unfunded liability and supplementary contributions required to the pension fund did indeed exhibit skewness, leptokurtosis and heavy tails with Pareto-like slow decay. These were more pronounced when the amount of allowable smoothing, through longer amortization and averaging periods, was itself more pronounced.
An important implication for policy-makers and regulators is that the amount of smoothing in pension funding rules should be limited because of the emergence of tail risk. In other words, these rules may work under normal circumstances but nonlinear dynamic effects may entail unpredictably large but rare losses either in individual pension funds or in a systemic way. Policy should also have regard for all in-built sources of counter-cyclicality and for the combined dynamic effects caused not just by funding rules but also by funding practices and by discretionary employer contributions being managed for tax or operational reasons. In particular, the Solvency II capital adequacy standard, as proposed by the European Union for pension funds, undergoes various Quantitative Impact Studies and these may need re-calibration to identify the presence of tail risk. Finally, our findings have a valuation implication which is of key relevance to investors in firms which engage in counter-cyclical deferral and smoothing of pension cash flows. Large pension losses, should they occur, are likely to affect capital investment in these firms and lead to depressed stock returns.
Recall that Y is the liability when it is calculated at the term-independent discount rate δ. From equation (2),
where α(x) is the present value, at rate δ and at time t, of a deferred annuity paying $1 yearly in advance from retirement age R till death, for an individual aged x ≤ R at time t:
The normal cash flow Zt is Zt = Z
where each component is defined in section 3.2.
By analogy to Y in equation (27), we may define Z to be the normal cash flow Zt when it is calculated using the term-independent discount rate δ.
Noting that m E = 0 by definition (no benefit right endowed at entry into the plan), the above may be rewritten as
The term in square brackets above may be further simplified using equation (28):
Finally, substituting equation (32) in equation (31) and using Y as defined in equation (27) gives
As in Assumption 1, where the liability Yt is linearized around δ, we may linearize Zt in equation (29):
where D Z = −Z −1 ∂Z/∂δ. Using equation (3) from Assumption 1 as well as equation (33), we obtain
The difference between the modified durations of Z and Y , which appears in equation (35), is easily derived from equation (33). We note that ∂Z/∂δ = (∂Y /∂δ)(1 − e −δ ) + Y e −δ . Upon dividing by both sides of equation (33),
This concludes the proof of the approximation in equation (5). ⊓ ⊔
B Proof of Proposition 1
It immediately follows from equation (7) and Assumption 2 that
From the definition of the loss Lt in equation (8), we therefore obtain
It is convenient to work in terms of the unfunded liability, F t = 1 − Ft, and replace Z using equation (5), yielding F t − e δ F t−1 = Lt − e δ C t−1 . Upon substituting the supplementary contribution from equation (9), we
. This is a linear difference equation in F t which may be solved using standard techniques. It is easily verified that its solution is
where λ = (λ 1 , . . . , λp) ′ and λ j = e (j−1)δ
. Equation (39) shows that the unfunded liability is the accumulated value of unpaid losses. Now, the main recurrence relation may be obtained by substituting Ft from the budget constraint in equation (7) directly into the r.h.s. of equation (38). Simplifying with the help of equation (5) and using the unfunded liability
Replacing Ct from equation (9) and F t from equation (39) then yields the recurrence relation in equation (10) in Proposition 1. We note that β = e δ (λ − π) and that βp = 0. ⊓ ⊔ C Proof of Proposition 2
, by independence of εt and vt. ELt exists ⇔ E|Lt| < ∞ (Feller 1971, p. 136) . {Lt} is evidently adapted to {Ft}. For τ < t, εt is independent of Fτ and
is a martingale difference sequence (m.d.s.) (Davidson 1994, p. 230) . The covariance result is a property of m.d.s.: see e.g. Davidson (1994, Corollary 15.4) . It is easily verified:
Part (ii). Given the results in part (i), we need only consider VarLt to establish covariance-stationarity of {Lt}.
Since Eεt = 0 and E [LtLτ ] = 0 for τ = t, it follows that
giving a pth-order linear difference equation: VarLt = p j=1 σ 2 β 2 j VarL t−j + σ 2 . It is well-known that stability depends on the zeros of the characteristic polynomial z p−1 − σ 2 β 2 1 z p−2 − · · · − σ 2 β 2 p satisfying |z| < 1. Since the coefficients σ 2 β 2 j , j = 1, . . . , p are non-negative, a necessary and sufficient condition for stability is that σ 2 β 2 j = σ 2 β ′ β < 1. The initial values L l , . . . , L l−p+1 are known at some time l < 0 and, letting l → −∞, all second moment terms containing the initial values L l , . . . , L l−p+1 vanish geometrically iff σ 2 b ′ b < 1. Finally, from the pth-order linear difference equation in VarLt above, VarLt converges to σ 2 / 1 − σ 2 β 2 j . ⊓ ⊔
D Proof of Proposition 3
First, note that Lt = εtvt (equation (11a)) with vt independent of εt and {εt} being i.i.d. (Assumption 2) and hence trivially stationary and ergodic, so that ergodicity and stationarity carry across from {vt} to {Lt} and vice-versa.
Part (i). To apply Theorem 1, we first obtain the conditions under which {Lt} is irreducible.
{Lt} in equation (10) is not a bilinear process, according to Definition 1 because k = 0 in equation (18).
However, using equations (11a) and (11b), we can write
vt + 1 = 
This conforms to the class of bilinear processes in equation (20) and Theorem 4 is therefore applicable.
The state-space representation of {vt} consists of the state equation (13a), with At and Bt defined in equations (14) and (15) To conclude the application of Theorem 1, we proceed to show that the technical conditions E log + At < ∞ and E log + Bt < ∞ do hold. Using the maximum row sum matrix norm induced by the max vector norm (Horn and Johnson 1985, p. 295) , At = max(1, |εt| |β j |) and Bt = | − εt| = |εt|. Hence, log + At = log [max(1, max(1, |εt| |β j |))] = log + (|εt| |β j |). Now, 0 ≤ log + (k|εt|) ≤ k|εt|, for any k ≥ 0, and hence E log + (k|εt|) ≤ E [k|εt|]. By assumption, Eεt = 0.
Therefore, E [kεt] exists and is finite, which is equivalent to E|kεt| < ∞ (Feller 1971, p. 136) . Hence, E log + (k|εt|) < ∞. Replacing k by |β j | yields E log + At < ∞. Replacing k by 1 yields E log + Bt < ∞. This may also be confirmed by a direct application of Theorem 5 of Kristensen (2009) .
This concludes the proof of part (i).
Part (ii). This is an application of Theorem 2. In equation (41), {vt} conforms to the bilinear process in Definition 1 as required in Theorem 2. Theorem 2 is therefore applicable to {vt} with At = At and Bt = Bt.
A straightforward inspection of the proof of Theorem 2 (Pham 1985 we need not insist that Eε 4 t < ∞ and merely require that Eε 2 t < ∞.
We claim that Q = QIp, where Q is the stationary variance of {Lt}, given on the r.h.s. of equation (12), is a positive solution of the matrix equation (19), thereby satisfying the condition of Theorem 2. This may be seen by noting that ELt = 0p from part (i) of Proposition 2 and using the state equation (13a) This concludes the proof of part (ii).
Part (iii). This is an application of Theorem 3. In equation (41), {vt} conforms to the bilinear process in Definition 1 as required in Theorem 3, which is therefore applicable to {vt} with At = At and Bt = Bt. Note, from equation (11a), that E L 2m
Part (iv). From Proposition 2, {Lt} is a martingale difference sequence (m.d.s.). Therefore, {Ct} and {F t} are weighted sums of m.d.s. from equations (9) and (39). Moments of Ct, F t and Lt follow from equations (9), (39), (10) respectively. {Lt} is serially uncorrelated but {Ct} and {F t} have zero autocorrelation at lags p and greater.
Parts (iv) and (v) are consistent for lag τ = 0 since, e.g., by Owadally and Haberman (2004b) . This results in averaging losses, say over n ∈ N years, with allowance for interest:
Smoothed losses are then paid off, usually in equal tranches, over a number of years (say m ∈ N) through the device of amortization (ASB 2007a; McGill et al 2004) . A supplementary contribution is paid at time t by amortizing every previous "averaged" loss that has not yet been paid in full over, say, m years:
where αm = 1 + e −δ + · · · + e −(m−1)δ is the present value of an annuity over m years.
Working through the double summation in equations (43) and (44), one may express the supplementary contribution in terms of the filter specified in equation (9), with p = m + n − 1. Letting p = max(m, n) and p = min(m, n) and using some algebra returns the following filter weights π j . 
The weights {π j } above do satisfy the requirement that p j=1 e −(j−1)δ π j = 1 as set out under equation (9).
Equation (9) shows that the supplementary contribution includes a proportion π j of the loss that occurred j years ago, j ∈ [1, p].
